SMALLEST TOTIENT IN A RESIDUE CLASS

ABHISHEK JHA

ABSTRACT. We obtain a totient analogue for Linnik’s theorem in arithmetic progressions. Specifically,
for any coprime pair of positive integers (m, a) such that m is odd, there exists n < m?+°(M such that
w(n) = a (mod m).

1. INTRODUCTION

Let ¢(n) be the Euler function of n. A totient is defined as an integer that appears as a value of p(n).
The literature is rich with results exploring the distribution of totients in residue classes. Dence and
Pomerance [2] established that if a congruence class a (mod m) contains at least one multiple of 4, it
contains infinitely many totients. Later, Ford, Konyagin, and Pomerance [3] showed that almost all even
integers which are 2 (mod 4) lie in a residue class that is totient-free.

Let m and a be two coprime positive integers such that m is odd. Let N (a,m) denote the smallest
positive integer n for which ¢(n) = a (mod m). The problem of upper-bound estimates for N (a, m)
has garnered significant attention in recent years. These results are closely related to the renowned
Linnik problem of bounding the least prime P(a,m) in the arithmetic progression a (mod m). By
a result of Xylouris [13], we know that P(a,m) < m>!® when ged(a,m) = 1. Consequently, this
implies that N'(a, m) < m®!® whenever ged(a + 1,m) = 1. Under Generalised Riemann Hypothesis,
Lamzouri, Li, and Soundararajan have shown in [10, Corollary 1.2] that P(a,m) < (¢(m)logm)?.
This leads to the bound N (a,m) < m?*¢ assuming that ged(a + 1,m) = 1.

It has been shown that with simpler methods, better unconditional upper bounds for N (a,m) can be
achieved. The first result in this direction was by Friedlander and Shparlinski [5] (See also [6]) who
had proven that if m is a prime number, then N (a, m) <, m?°*€, a result later refined by Garaev [7]
to N(a,m) < m?T¢. In the case when m is composite, Friedlander and Shparlinski established that
for some A = A(e) > 0 if ged(a,m) = 1 and if m has no prime divisors p < (logm)*(©), then
N(a,m) <. m3*¢. This was ultimately improved by Cilleruelo and Garaev [1] to N(a, m) <, m?*¢
for the same set of positive integers m.

The goal of the present paper is to obtain the same upper bound uniformly for all odd positive integers
m. Note that when m is even, then there exists a totient in reduced residue class a (mod m) if and only
if a = 1 (mod m). Moreover, there is only one totient ¢(1) = 1 in such a residue class.

Theorem 1.1. For any € > 0 and for all odd positive integers m and integer a with gcd(a, m) = 1, we
have the bound

N(a,m) <, m?*e.

The restriction that gcd(a, m) = 1 is crucial, as Friedlander and Luca [4] have shown that there exists
a sequence of arithmetic progressions ay (mod my) with my — oo as k — oo and ged(ag, mg) > 1
such that N (ax, my) exists and

log N(ag, m

w — 00 as k — 00.

log my,

The main arithmetic input in our work is obtaining asymptotic formulas for character sums over shifted
primes where the characters have small conductors. Combining these estimates with the ideas of
Cillerurlo and Garaev [1], we are able to get a uniform upper bound for N (a, m).
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1.1. Notations. When there is no danger of confusion, we write (a, b) instead of gcd(a,b). We write
7(n) as the number of divisors of n. Throughout this paper, the letter p will always denote a prime. We
set f(x) as the conductor of a Dirichlet character x (mod m). Let Li(z) denote the logarithmic integral,
that is,
x
Lie) = [ 9
5 logt

We employ the Landau—Bachmann “Big Oh” and “little oh” notations O and o, as well as the associated
Vinogradov symbols < and >, with their usual meanings. Any dependence of the implied constants is
indicated with subscripts.

1.2. Acknowledgements. The author thanks Kevin Ford for suggesting this problem, for helpful dis-
cussions, and for careful reading of the manuscript. The author is grateful to Ayan Nath and the anony-
mous referee for helpful comments on earlier versions of the manuscript.

2. SETUP

In what follows, 1, ,, denotes the indicator function that 3 | m and @ = 2 (mod 3). We look for a
solution of the congruence in question in the form n = 47 p,pops, where pj are prime numbers that
run through certain disjoint intervals.
Let £ > 10 be a fixed positive integer. Let I1, I2, I3 be sets of primes defined as follows:
I ={p:0.5m" "% <p<mVE (p—1,m) =1},
I2:{p05m<p§m7(p_17m) :1}7
I={p:05m'* <p<m'* (p—1,m)=1}.
The sets I, I, I3 are pairwise disjoint for any sufficiently large integer m. The following lemma tells
us about the cardinality of these sets.

Lemma 2.1. We have for m > 1 and any C > 2,

1l = i) = 1003 55D T (1= 525 ) + Octgsmton© m)

plm

14+1/k

where f1(m), fo(m) and f3(m) are equal to m , m and m*/* respectively.

Proof. See [5, Lemma 4]. |
We will prove that if m is a large integer such that (a, m) = 1, then the congruence

2.1) @(41“’"’p1p2p3) =1+1gm)(p1—1)(p2—1)(p3 —1) =a (modm), pjel;,j=1,23

has solutions. The number J of solutions of this congruence is equal to

22) sz(lm)z S x(p1 = D2 = D(ps — D)X(@X( + L)

X DP1,p2,P3

where x runs through all Dirichlet characters modulo m and the primes p1, p2, p3 run through the sets
I, I, I3 respectively. If 3 | m, let b denote the unique character (mod m) induced by the nontrivial
character (mod 3). Denote 13,,, as the indicator function that 3 divides m. Thus

_ [ llfa[|3] N 317, S1(¥)S2(¥) S3(¥) ¥ (@) (1 + Lam)

2.3 J
3) o(m) o(m)

0
2.4 —_ S S S , 18] <1,
2.4) + s ng L 0015200118001, 18]
where

Silx) =Y _x(p—1), j=1,2,3.

pGI]-
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We notice that

]| 12]|15] if 3 [ m,
0 otherwise.

Loy 51(0)S2() S5 (6 (@H(1 + L) = {

Henceforth, it follows that

P s “3'2275)1”]2’”3’ T T S00IS0H00L <1

To prove that J > 0, it is enough to prove that
S= > 1S1)IIS20011S5(0)| < 11| L2|| T3]
X#X0,Y
Let A = 4(k + 3)2. We split the left sum into two subsums as follows:
(2.5) Z ’Sl(X)HSQ(X)HS3(X)| = Sf(x)glogAm + Sf(x)>10gAm7
X#X0,9

where the first sum is taken over characters with small conductors. We deal with the sums separately in
upcoming sections.

3. SUM INVOLVING CHARACTERS OF SMALL CONDUCTOR

To evaluate S £(x) <logA m> the first step is to estimate Sj(). Let x4 be the primtive character
mod d inducing x and x4 be the trivial character (mod d). We take m = dr. Denote (r,d)s =

/Ty p"»(") where v, (r) is the largest exponent such that p*»(") divides . Then

3.1) Si0=>_xp-1= Y xoa@xalv-1 > 1
pEl; v (mod d) pel;
p=v (mod d)

(p—l,(T‘,d)oo):l

We detect the coprimality condition in the inner sum using Mobius function, obtaining

o= D we= ) ule ), L

pEl; pel; clp—1 c|(r,d)so pEl;
p=v (mod d) p=v (mod d) c|(r,d)oo p=v (mod d)
(p=1,(r,d)oc)=1 p=1 (mod c)
= > we)A(m,cd,ve),
c|(r,d)oo

where v, is the unique positive integer such that
(vemod dc) = (vmodd) N (1 modc),
and
Aj(m,ed,ve) = w(fij(m);de,ve) — w(0.5f;(m); de, ve).
By the trivial bound, 7(x; de, v.) < z/dec, we get that
Yo ulQ)A(m.de,ve) < fi(m)*Pr(m).

c|(r,d) o
c> fi(m)t/3/d

For the remaining sum, we have

(3.2) Z () A (m, de, vg) = Li(f;(m)) ;(1;1)(0.5 fi(m)) Z u(c)
c|(r,d)so

c<fj(m)1/3/d c<fj(m)1/3/d
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where the remainder term is given by

R(m) = Z ‘Aj (m;ed,ve) —
c|(rd)so
e<fi(m)/?/d

Li(f;(m)) — Li(0.5 f;(m))
¢(cd)

‘ <p fj(m)log~®m

by the Bombieri-Vinogradov theorem for any constant B (see, e.g., [9, Theorem 18.9]). Finally, for the
main term in (3.2), we have

1 logl
s T () ()
CI((rvd))lo/OS/ p‘(r,d)oo J

c<fi(m d

We denote p,, as

p . Z’U (mod d) XO,d(U) Xd(v - 1)
e v(d) '
Putting everything in (3.1), we get

Li(fj(m)) — Li(0.5 fj(m)) 1 fi(m)
Si(x) = Xo0,d(v)xa(v — 1) 1- +0
’ v (n%);i d) " ’ gD(d) p(]_:_d[)m ( b — 1) b <IOgB ’m)

Note that the first term inside brackets is much larger than the second term since d is at most a fixed
power of log «. This in turn results in the following asymptotic

1 1 \! mi+1/k
6a swo=lnl IT (1-55) (- 55) s+ 0n(Zam

pl(rd)oo plm log

1 1+1/k
(3.4) — 0] (1 + p2> pra + OB <m_> ,

B—A
old log m

by Lemma 2.1. Similarly, we can obtain

1 m
. =|I 14+ —
(3.5) Sa(x) ‘ﬂl}( +p—2) Pxa + OB IOgB—Am>’
p
and
1 mt/k
3.6 S = |I3] - 14+ —+ +0p|—F—7 1.
(3.6) 3(x) = |13] g( p_2) Pxa B <logB—Am>

Our next goal is to evaluate the constant p,,. We will follow ideas in [11, pp.11-12] to obtain the
following lemma.

Lemma 3.1. Let x4 be a primitive Dirichlet character (mod d) for some odd positive integer d > 1.
Then,

pxa = p(d)xa(=1) [ -1~

pld

Proof. We can write x4 uniquely in the form Hp"H 4 Xp> Where Xpa is a primitive Dirichlet character

mod p®. Therefore, py, =[] o ||d Pxpe » Where for each prime power p°||d, we have
(3.7) P(P%) Pxpe = Z X0,pe (V)Xpe (v — 1) = Z Xpe (v — 1)
v (mod p%) v (mod p%)
(v,p)=1
(3.8) = Z Xpe (V) — Z Xpe ().
v (mod p%) v (mod p%)

v=—1 (mod p)
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The first sum in (3.8) is just zero. To evaluate the second sum, consider a primitive root g (mod p®)
which exists since p is odd. We can observe that the residues v (mod p®) such that v = 1 (mod p) are
a permutation of the residues {g®”~1* (mod p®) : 0 < k < p®'}. Therefore,

Z Xpe (V) = Xpe(—1) Z Xpe (V) = Xpe(—1) Z Xp> (g" )"

v (mod p%) v (mod p%) 0<k<p>—1
v=—1 (mod p) v=1 (mod p)

= Xpo (=D)L a)r-12yg 0 P* 1 = Xpo (DT, yp P
Finally, we obtain that

Pxpe = ~Xpo (=) L(x0)p (P — 1
for each prime power p®||d. Multiplying these relations over all prime powers, we obtain

v = 1] Pxpe = Lzy=r ] —x0e (D)@ =17

pe|ld pe|ld
= u(dxa(-D) -1,
pld
which is what we wanted to prove. U

With this lemma in hand, we can handle our main sum. We get that

3.9 Sf(x)glogAm = Z Z ‘Sl HSQ )||S3(X)|

dglog m XFEX0,Y
dm f(x)=d

By Lemma 3.1 and (3.4) — (3.6), the terms with non-squarefree d are negligible. Also, we can observe
that d > 5 is equivalent to the fact that x # xo, ¢. Thus, by (3.4) — (3.6), we have

m2+2/k
Sio<iosim = 2. 3 1510018200118 + O | —5—

5<d<log m f(x)=d 10g "
2 (d)=1,dm
m2+2/k
= Y Y |nlel |13H(1+> (IpxaD)? + O <IOB_Am
5<d<log m f(x)=d pld &
w2 (d)=1,d|m

B m2+2/k
= [L[| 2] |15 Z Z H(p—Q) 4+ 0p (BATrL>

lo
5 <d<log®m f(x)=d pld &
p?(d)=1,d|m

We know that for a square-free integer d, there are [, ;(p — 2) primitive characters (mod d). We get

m2+2/k
(3.10) O<loghm < 11l L2]| 1] Z [[e-27+0s loaB—A, |
d=5,2{d p|d 08 m
p(d)=1

where the main term can be bounded using

Z H(pQ)_2:H<1+ 2)2§2exp 272 —9
d=5,21d p|d p>3 (p o 2) p>5 (p - 2)
i (d)=1

1
S 2eXp ZW -2
n>2

< 2exp(n?/8—1) —2=0.526...
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Finally, we get that

3.11) S,

i) <logAm <= (053 4 o(1))| 1| 12| 3],

once we choose B = A + 4.
4. SUM INVOLVING CHARACTERS OF LARGE CONDUCTOR AND FINAL STEPS

To estimate Sf(x) we essentially follow the approach in [1]. We will use the lemma below.

> logA m’
Lemma 4.1. If x # X such that £(x) > log*®+t3* m, then

|I1|loglog m
$100 < R,

Proof. By Rakhmonov’s estimate [12, Theorem 1], we know that for any nontrivial character x (mod m),

> x(p—1)| < 2llog2)*r(q) (VI/a+ ar(@)/z+ 7 /or(ar))

p<w

where ¢ = () and ¢; = Hp|m7pij p. We know that

SI0OI< | Y. xe=D[+| D>, xp—1)],

p§m1+1/k p§0.5m1+1/k
For z = m'tV/k or x = 0.5m't1/¥  this gives

> xp—1) <m'" (logm)®r(9)/v/q

p<z
+m2CR) (logm)q' 21 (g1)7(q)
+m /P56 (log m)7(g1)7 ().
Since ¢ < m, k > 2 and 7(¢1)7(q) < 7(m) < m'/**), we obtain

> x(p—1) < m'" T (logm)7(q)/ /g +m' ¥ 4P (logm)®.
p<z

We know that ¢ > log*(k+3)°

Z x(p—1) < m1+1/k(10g m)5—(k+3)2 4+ 3/ (k) (log m)5
p<z

m. Therefore, we get

m _
< Sy ogm)’ (B3| 1.

Finally, we use the known estimate p(m) > m/ loglog m. O

Remark 4.1. Kerr [8, Theorem 1] has proven that for a primitive Dirichlet character x (mod ¢) and
integer a coprime with g,
Z A(n)x(n+a)

n<N
for N > g where A(n) is the von-Mangoldt function. This result is stronger than the previous Rakhmonov

estimate for N > q3/ 4+¢ However, as pointed out in [1, Section 4], it does not affect the strength of our
results.

< q1/9+o(1)N23/27

The next lemma gives an upper bound on sums involving S; ().

Lemma 4.2. The following bounds hold:
Z|S )2 < || logm, j = 1,2,

Z 1S5(x) [ < m? log"* 1 m.
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Proof. The proof follows exactly as shown in [1, Lemma 2.2]. O
Employing the Lemmas 4.1 and 4.2 along with Holder’s inequality, we have

1/k
Stix) > loghm < (f( max |51(X)|> > 151001 * 1S2(x) | 193 (%)
X

>1

)>log”m f(x)>log* m
1/k

1LY

longm 91(k) g2(k) g3 (k).

<

Here, the sum g;(k) is defined as following:
1/2-1/(2k _
ai(k) = (31S1001)"* Y < nE (logm)!/2,
X

a2(k) = (Y 1520011)"? < 1] (log m) /2,
X

gs(k) _ (Z |Sl(X)|2k)1/2k < ml/k; (log’m)k/z.

Thus, we get that

||| Ijm'* ||| L] 15
k245, K242

(4 1) Sf(X) > logA m < 1Og

Combining the estimates (2.5), (3.11) and (4.1), we can see that

I || || 1
S= 3 1S10011S20011S500] < (053 + o(1)| ]| ol 5] + 0 ( Il
XFX0,Y log /2 m

log

< |I|[12]|13]

for large m.
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